Introduction
Semileptonic decays of B-mesons constitute a very important source of experimental information in B-physics. They have been and are currently being investigated as a part of the research programmes of BaBar [1] and CLEO [2] . The prototype for such decays is B 0 → π − ℓ + ν. Once the amplitude of this process is known, an experimental measurement of its branching ratio allows in principle to extract the CKM matrix element |V ub |. From a theoretical point of view, the transition is mediated by the heavy-light vector current, and the problem of knowing the decay amplitude amounts to calculating the QCD matrix element 1) or equivalently the form factors f +/0 (q 2 ), with q = k − p the 4-momentum transferred from the B-meson to the pion.
Given the large mass of the b-quark, a direct lattice calculation of Eq. (1.1) requires tiny lattice spacings (a ≪ 1/(5GeV)) and big volumes (L > 1.5 fm) in order to correctly reproduce the quark dynamics without squeezing the B-meson at reasonably small lightquark masses. Various solutions have been proposed to overcome this difficulty: the reader is referred to [3, 4] for recent reviews. Among these we mention the Heavy Quark Effective Theory (HQET) and the Step Scaling Method (SSM).
In HQET Eq. (1.1) is expanded in inverse powers of the b-quark mass. The leading contribution, also known as the static approximation, describes the heavy quark in terms of a renormalizable effective field theory. Although lattice simulations in the original formulation [5] were hampered by large statistical fluctuations due to self-energy effects of the heavy propagator, thanks to the recent introduction of new lattice regularizations [6] it is now possible to simulate static quarks with much improved numerical precision.
The SSM, a relativistic technique based on finite size scaling, has been proposed some years ago by the Tor Vergata group in relation to a study of the heavy-light decay constants [7] and meson masses [8] . It has been recently shown in [9] that combining the SSM with HQET enables a strict control of the mass extrapolations and a consequent reduction of the corresponding systematic uncertainties.
From this point of view it would be of considerable interest to extend the combined approach "HQET + SSM" to Eq. (1.1), since a first attempt to apply the Tor Vergata method to the form factors has been recently presented in [10] . The goal is ambitious in that observables such as Eq. (1.1) are intrinsically more complex than a decay constant or a meson mass, owing to the appearance of an additional mass scale to be identified with q 2 .
In this paper we concentrate on HQET. In view of a non-perturbative computation of Eq. (1.1), the static vector current must first be non-perturbatively renormalized. This task has been partially accomplished, since in the static approximation the spatial components V stat k are renormalized by the same renormalization constant Z stat A as the temporal component of the static axial current A stat 0 . The Renormalization Group (RG) running of the latter has been computed both in the quenched approximation [11] and with two dynamical quarks [12] . In order to compute the renormalization constant Z stat V of the temporal component of the static vector current V stat 0 , we derive an axial Ward identity (WI), much in the spirit of [13, 14] , relating Z stat V to Z stat A . The scale independent ratio Z stat A /Z stat V is then computed through an explicit implementation of the WI in the Schrödinger functional (SF) at the chiral point. On-shell O(a)-improvement at zero light-quark mass is obtained by adding a single counter-term to the static vector current, proportional to the improvement coefficient c stat V , which is then tuned according to the request that the axial WI be satisfied at finite lattice spacing up to O(a 2 )-terms.
The improvement of the static vector current V stat 0 at non-zero light-quark mass, realized in principle through the introduction of a second improvement coefficient b stat V , is not easily achievable in terms of the WI, which takes its simplest form in the chiral limit. For this reason, we adopt a different improvement condition, i.e we obtain b stat V by imposing that the ratio of a three-point SF correlator of the static vector current at zero and non-zero light-quark mass be the same in two different static regularizations up to O(a 2 )-terms, thus determining the difference ∆b stat V corresponding to the chosen actions. This procedure repeats the one adopted in [6] for the determination of b stat A . In order to isolate the value of b stat V corresponding to all the static discretizations, the knowledge of b stat V is required for at least one of them. This is a difficult problem, which we solve only approximately by computing b stat V at one-loop order in perturbation theory for the static actions with the simplest lattice Feynman rules, i.e. the Eichten-Hill (EH) and the APE ones. This somewhat unsatisfactory solution introduces O(g 4 0 ) systematic uncertainties, which are discussed in detail.
Other appealing applications where the static vector current plays a rôle can be found within the domain of twisted mass QCD [15, 16] , where the static axial current acquires a vector component after a twist rotation of the light-quark fields. This is the case, for instance, with the computation of B stat B , for which the matrix elements of the ∆B = 2 four-fermion operators have to be normalized by appropriate bilinear correlators of the static axial current [17] .
The paper is organized as follows. The axial WI is derived in sect. 2, where the notation is also established. Its implementation in the framework of the SF is discussed in sect. 3. Sect. 4 is devoted to a one-loop perturbative analysis of the lattice artefacts in various WI topologies. In sect. 5 we present our non-perturbative results for the improvement coefficient c stat 
Formal derivation of the axial WI
As for the theoretical derivation of the axial WI, we follow the approach of [18, 19] . For the moment no attention is paid to the specific regularization of the theory. We assume a fermion content with an isospin doublet of degenerate light-quarks ψ T = (ψ 1 , ψ 2 ) and a single heavy-quark, described by a pair of static fields (ψ h , ψh). In order to set up the notation, we introduce the light-quark isovector axial and vector currents and the pseudoscalar density
2)
as well as their heavy-light companions (for which we explicitly indicate light-quark flavour indices)
The general WI follows from the invariance of the path integral representation of correlation functions under chiral rotations of the light-quark fields. In particular, we consider an axial variation
where τ a denotes a Pauli matrix acting on the isospin space and ω a (x) is a smooth function which vanishes outside some bounded region R. Since the Pauli matrices are traceless, the functional integration measure is invariant under Eq. (2.7) and we conclude that the correlation function of a given operator O satisfies the equation
represents the axial variation of the light-quark action and m denotes the PCAC quark mass. We assume in what follows that O factorizes into the product of two operators O int and O ext , polynomials in the basic fields and localized in the interior and exterior of R respectively. Accordingly, Eq. (2.8) reads
We now concentrate on the isovector component a = 1. In our specific application we choose O int (x) = V 1h 0 (x) for x ∈ R and O ext (y) = P h2 (y) for y / ∈ R, thus obtaining
If we further require R to be a time-oriented cylinder with periodic b.c. in space, i.e. 12) we immediately see that the space derivatives of the light axial current on the right hand side of Eq. (2.11) drop out, while the temporal derivative gives rise to a boundary contribution. After a space integration of both sides over x, we arrive at our final expression
and we have introduced the axial and vector charges
14)
Eq. (2.13) has to be understood as a relation among renormalized quantities. It should be observed that Q 1 A and P 1 consist of two contributions in the flavour space, corresponding to the non-zero matrix elements of τ 1 . Out of them, only those with flavour contentψ 2 ψ 1 contribute to the right hand side of the WI. These will be denoted respectively Q 21
A and P 21 .
Lattice implementation in the SF
The axial WI admits a straightforward lattice implementation. We adopt here a SF topology where periodic boundary conditions (up to a phase θ for the light-quark fields) are set up on the spatial directions and Dirichlet boundary conditions are imposed on time at x 0 = 0, T . For a discussion of the original application of the SF to the simplest WI, namely the PCAC, we refer the reader to [20] . Unexplained notation closely follows [21] .
Although the SF is formally defined in the continuum, we find it convenient to work at finite lattice spacing. Light quarks are assumed to be described by the O(a)-improved Wilson action, with the usual Sheikholeslami-Wohlert term in the bulk and boundary counter-terms proportional to the improvement coefficients c t −1 andc t −1. No background field is assumed. The static quark is instead defined in terms of the action
where the forward and backward covariant derivatives
depend upon a parallel transporter W , which can be variously defined. In this paper we consider four possible versions, namely EH, APE, HYP1 and HYP2, respectively corresponding to
In the above definitions V (x, 0) represents the average of the six staples surrounding the gauge link U (x, 0), while V HYP (x, 0) denotes the temporal HYP link of [22] , with the approximate SU (3) projection of [6] .
In order to translate Eq. (2.13) into the language of the SF, we insert the static vector current in the middle of the bulk, i.e. at x 0 = T /2. The support region R is then defined by localizing t 1 and t 2 at different points, with the understanding that 0 < t 1 < x 0 < t 2 < T in order to avoid possible contact terms. The pseudoscalar density is replaced by a boundary source uniformly distributed over the spatial coordinates, i.e.
On-shell O(a)-improvement of the quark currents requires the introduction of operator counter-terms, whose structure has been discussed in [20, 23] . Accordingly, we introduce the O(a)-improved currents
and the O(a)-improved charges
where, as also explained at the end of last section, the notation O ij always refers to a flavour contentψ i ψ j . The improvement coefficients c A , c stat A and c stat V depend on the gauge coupling and are perturbatively expanded according to
In view of phenomenological applications, it is useful to allow for renormalized currents at non-zero light-quark mass. O(a)-improvement requires in this case the introduction of additional mass counter-terms, proportional to m q = m − m cr . The relations between renormalized currents and their bare counterparts explicitly read
The SF implementation of the axial WI is then realized through the introduction of a set of two-and three-point correlation functions, A defined in Eqs. (3.22-3.24) of [23] . Once the renormalized currents are expressed in terms of the bare ones, the axial WI takes the form of a constraining relation among renormalization constants. In the chiral limit it reduces to
In order to pursue a numerical implementation of Eq. (3.14), some geometrical parameters have to be specified, namely the ratios T /L, t 1 /T , t 2 /T and the θ-angle of the SF. Concerning the latter, we consider three possible values, i.e. θ = 0.0, 0.5, 1.0. The other parameters will instead be collectively referred to as the topology T of the WI. In Table 1 we list four possibilities. Each of them affects the noise-to-signal ratio of the nonperturbative simulations in its own way and introduces specific cutoff effects in the ratio R at finite lattice spacing. Therefore, a convenient choice of T imposes -at least theoretically -a balance between the minimization of the lattice artefacts and the maximization of the numerical signal. We remark that Eq. (3.14), which we use in order to determine c stat V , depends as well on the improvement coefficients c A and c stat A . These have been determined respectively in [24] and [6] and are taken as input parameters here. In particular, c stat A is analytically known at one-loop order for the EH and APE actions, and effectively up to O(g 4 0 )-terms for the HYP1 and HYP2 actions. Scaling tests of c stat A have been extensively discussed in [6] , to which the reader is referred for details. Here we stress that the lack of a full knowledge of c stat . On the other hand, the WI is independent of the boundary improvement coefficients c t andc t . This has been explicitely checked in perturbation theory.
One-loop perturbative analysis of the WI
A first indication of the cutoff effects related to a given choice of the topology T can be obtained in principle from a one-loop perturbative calculation of the WI. We anticipate that once the O(a)-improvement has been carried out, the residual lattice artefacts of O(a 2 ) have comparable size in the various topologies, so that a conclusive argument for the choice of the preferred T has to follow from non-perturbative considerations. To show this, we expand the ratio R in powers of the coupling, i.e.
Each term of the perturbative expansion is a function of the bare quark mass m and must be computed at m = m cr . Since the latter depends in turn upon the bare coupling, each correlator h of Eq. (3.13) has to be expanded according to where ∂ m indicates a partial derivative with respect to m and the subscript "b" denotes the contribution of the boundary counter-terms proportional toc t − 1. The one-loop critical mass m (1) cr is defined here by requesting that the O(a)-improved PCAC quark mass vanish. Its values at finite lattice spacing are taken from [25, 26] .
The ratio R is expected to be tree-level improved, since all the improvement counterterms start at O(g 2 0 ). This expectation is confirmed by Fig. 2 , where the approach of R (0) to the continuum limit is reported for the topology T = 2. We observe that the slope of R (0) increases with θ (the scaling is perfect at θ = 0.0) and is independent of T . It follows that, in order to identify a better T , at least the one-loop contribution has to be worked out explicitly.
The perturbative expansion of the two-point correlator h I
A has been discussed in [23] and will not be reviewed here. The one-loop coefficient of the three-point correlator h
I(1)
VA receives contributions from Feynman diagrams corresponding to self-energy and tadpole corrections of the single quark legs, plus vertex corrections with gluons propagating from one leg to another.
Several possible improvement conditions may be imposed in order to tune c stat (1) V so that the O(a)-improvement is realized at one-loop order. After some attempts, we found that a reasonable definition is to enforce the equation expected, different definitions converge to the same continuum limit, which is very small for the EH discretization, if compared to the size of the cutoff effects, and somewhat larger for the APE action. It follows that the extrapolation of the lattice points to the continuum is difficult and one should not expect a high numerical precision. In order to reduce the size of the lattice artefacts, we have employed the blocking procedures of [27, 28] . Results are reported in Table 2 . Our determination of is in good agreement with the original estimate given by [29] in the framework of NRQCD.
Once the improvement coefficient c stat (1) V is known, the ratio R (1) can be calculated in the O(a)-improved theory. In Fig. 4 its continuum approach is plotted vs. (a/L) 2 for all the topologies and the θ-angles. Corresponding data are reported in Tables 8-9 . The main feature of the plots is the similarity of the various definitions, which differ by just a few percent at the coarsest lattices. Nevertheless, some topologies are more sensitive to a change of θ than others, e.g. T = 4 looks almost flat at θ = 1.0, while it has the largest slope at θ = 0.0. Remarkably, the spread between different T 's almost van- ishes around θ = 0.5, thus suggesting that this θ-value could be the most stable against variations of the topology beyond perturbation theory. We extract the common continuum limit of R (1) via the afore-mentioned blocking techniques. Our best estimates are R (1) = −0.116458 [30, 31] , has to be subtracted from R (1) . Results are reported in Table 3 . The value obtained with the EH action is not novel: it checks the one previously found in [14, 32] within 3%. signal-to-noise ratio is also the one with the smallest aspect ratio T /L. This is largely expected on the basis of [6] , since the loss of signal is mainly related to the temporal extension of the static propagator, which for every T goes from the boundary to x 0 = T /2. Given the lack of a clear indication from perturbation theory concerning the preeminence of a specific topology over the others, we decide to just follow the criterion of the signal-tonoise ratio and to consequently adopt T = 1 for our non-perturbative study. Simulation parameters are collected in Table 4 . They have been taken from [6] and correspond to a physical size L = 2L max = 1.436r 0 of the SF. Moreover, c sw is non-perturbatively tuned according to [24] and the boundary improvement coefficients c t andc t are respectively set to their two-and one-loop values [21] .
Non-perturbative determination of Z
It is worth noting that with T = 1 the WI can be simulated directly at the chiral point, with no need for a mass extrapolation in the way of [33] from the O(a)-improved PCAC relation [11, 34] .
We also observe that the simulation at β = 6.1628 cannot be actually performed with t 1 = T /4 and t 2 = 3T /4, since these are non-integer multiples of the lattice spacing in this particular case. To avoid the problem, we take here t 1 = 2a and t 2 = 7a. This choice is theoretically sound since no contact term turns up in the WI. It amounts to changing the definition of c stat 
where, as already explained in sect. 3, the coefficients c stat A and c A are taken as input parameters. We stress once more that since c stat A is known up to O(g 4 0 )-terms, this introduces a systematic uncertainty in our computation, thus making the numerical estimate of c stat V only non-perturbatively effective. In principle, it could be possible to avoid this by enforcing two simultaneous conditions, i.e. we obtain the improvement coefficient from the equation Results at the simulation points are reported in Table 12 of appendix A. Statistical errors have been computed through the jackknife method. In Fig. 5 the β-dependence of c stat V is shown for different choices of the angles (θ 1 , θ 2 ) and for different static discretizations. The most noticeable feature seems to be the large discrepancy with respect to the perturbative estimates given in the previous section. We also observe that the EH determination is quite distinct from the other regularizations, which are instead close to each other.
The numerical values of c stat V should be independent of the choice of (θ 1 , θ 2 ) up to O(a)-effects. Therefore, the difference ∆c stat
2 ) is expected to decrease at larger β-values. This is confirmed by our data.
As Table 12 shows, the improvement condition with the best signal-to-noise ratio is the one corresponding to (θ 1 , θ 2 ) = (0.5, 1.0). This is also the one with the smallest perturbative cutoff effects. A quadratic fit of it in the range of the Monte Carlo simulations (6.0 ≤ β ≤ 6.5) leads to the parametrization Fig. 6 ; the same data are collected in Table 13 . To extract this ratio out of R, we used the ALPHA determination of Z A reported in [35] . Since now all the improvement counter-terms have been taken into account, the definition of Z stat A /Z stat V with θ = 0.0 has to agree up to O(a 2 )-terms with those at θ = 0.5 and θ = 1.0, which have been used in order to tune the improvement coefficient. Indeed, it can be seen from Table 13 that the differences are zero within the statistical errors. Aside the non-perturbative determination, also the one-loop estimates of Table 3 are reported in Fig. 6 . The agreement is good with EH static fermions in the whole region explored by the Monte Carlo simulations. It is good as well with the APE action at the largest β-values. A quadratic fit (in the range 6.0 ≤ β ≤ 6.5) gives Concerning the systematic uncertainty of c stat V , which has a strong dependence upon c stat A in our determination, we naively expect that physical matrix elements of the static vector current will be only slightly affected by variations of c stat V , in strict analogy with the static axial current, where a change of the operator counter-term is compensated by an opposite variation in the renormalization constant, as shown in [36] . Unfortunately, we have no quantitative elements at the moment to clarify if this is the case also for the static vector current.
The improvement coefficient b stat

V
The axial WI at non-zero light-quark mass is complicated by the presence of a mass term proportional to the temporal integral of the SF correlator h I VP introduced in Eq. (3.13). Since the integration region covers the whole interval [t 1 , t 2 ], an integrable contact term raises at y 0 = x 0 = T /2. Managing the integral can be disadvantageous in some cases: for instance, in perturbation theory it requires a complete one-loop calculation for each value of the integration variable, since no Fourier transform is defined in the SF along the time direction. Therefore, in order to improve the static vector current out of the chiral limit, it is easier to look for some more comfortable observable.
One attractive possibility is to consider a three-point SF correlator with the insertion of the static vector current in the bulk. To this aim we define
where Σ h2 has been introduced in Eq. (3.4) and
is a relativistic pseudoscalar boundary source localized at x 0 = T . Since we are interested in massive light-quarks, we keep the mass dependence explicit in the definition of M I . The flavour structure of the chosen valence operators allows for just one Wick contraction, depicted in Fig. 7 . To have it renormalized, all the logarithmic divergences must be subtracted, both those related to the static vector current and the ones induced by the boundary sources. In the O(a)-improved theory the renormalized correlator reads
In order to get rid of the renormalization constants, we construct the ratio of M I R at two different values of the renormalized light-quark mass, i.e. Lm R = 0.24 and Lm R = 0. This is not sufficient to isolate b stat V , since the improvement of the boundary light-quark source contains b ζ , which does not drop out in the ratio. Nevertheless, b ζ is independent of the static action. Therefore, it cancels when we enforce the improvement condition that the ratio of the three-point SF correlator be the same with two different static actions S 1 and S 2 up to O(a 2 )-terms, i.e.
In the above equation, we decided to place the operator insertion in the middle of the bulk and to choose T /L = 1. This improvement condition provides a non-perturbative definition of ∆b stat
Simulations have been performed according to the parameters reported in Table 4 . In particular, the κ-values on the right of the third column correspond to Lm R = 0.24, with m R the quark mass renormalized in the SF scheme at scale µ = 1/(1.436r 0 ). Numerical results of ∆b stat V are reported in Table 14 for the various independent combinations of the static actions and the usual θ-angles. They are also represented in Fig. 8 , where ∆b stat Since this could be interpreted as a good signal of scaling and could lead to the prompt conclusion that ∆b stat V is not dominated by O(g 4 0 )-terms. Nevertheless, we observe that g 2 0 varies from 0.924 to 0.996 in the range of the simulations, i.e. it changes by only 8%. Such a small variation could be well compatible with a slight change of the differences ∆b stat V even in a region not strictly close to the scaling one.
A second observation is that all the differences involving the EH action have a significant dependence on θ, with spreads varying from 30% to 60% at the various bare gauge couplings. This is a clear indication that large non-perturbative O(a) lattice artefacts affect our definition of b stat V,EH based on the three-point SF correlator M I . On the contrary, the remaining differences, involving exclusively the ALPHA actions, are much more universal in θ: in these cases the spread among different definitions stays always below 0.01.
A fit of ∆b stat V /g 2 0 to a constant provides an effective non-perturbative parametrization of the difference of the improvement coefficients in the region of the Monte Carlo simulations. Since we have no theoretical argument to privilege one particular definition over the others, we decide to average the results of the fits corresponding to the three θ-values and to assign the averages an absolute uncertainty as large as the maximal discrepancy between different θ-determinations. In this way we obtain (∆b 
where the perturbative coefficients of the bare quark mass m (0) and m (1) are chosen according to Eqs. (3.29)-(3.30) of [37] . Here m R is defined as the renormalized quark mass in the minimal subtraction scheme on the lattice at scale µ = 1/L. In this perturbative calculation we impose the improvement condition in Fig. 9 . Their continuum extrapolation leads to the estimates quoted in Table 5 . These correspond in turn to an exact one-loop difference (∆b 14) which is quite a bit off the central value of Eq. (6.6). Clearly, this difference may be attributed to the presence of non-negligible O(g 4 0 )-terms, which in principle could be there. However, the systematic uncertainty which characterizes the definition of the improvement coefficient with the EH action prevents us from making a more precise statement. For this 
EH−APE given in Eq. (6.14) is more precise than the single values of b stat V reported in Table 5 . Indeed, the continuum estimate of Eq. (6.14) has been obtained by extrapolating the difference of the lattice data reported in Tables 10-11 . Part of the cutoff effects drops out in this difference, which makes the continuum extrapolation easier.
A scaling test for c stat
V
Our non-perturbative data enable a scaling test of the three-point SF correlator M I , useful to assess the effectiveness of our numerical determination of c stat V . To this aim we introduce the ratio We observe that all the static actions give comparable results and statistical uncertainties at finite lattice spacing, save for the EH one in the improved case. If we look at the right plot, we note that the total variation of ξ in the simulation region is only about 5%. This can be attributed to a significant cancellation of the O(a) lattice artefacts between numerator and denominator, which on one hand gives ξ a good scaling behaviour also in absence of operator improvement, but on the other makes it rather insensitive to a change of c stat V . Nevertheless, we find that once c stat V is switched on, the total variation of ξ in the simulation region drops to 3%, corresponding to a flatter approach to the continuum. As it might be expected, the strongest effect of c stat V is at L/a = 8, where the central values of the lattice points are shifted by 1.5-2.9%.
Conclusions
In this paper we have studied the renormalization of the static vector current and its O(a)-improvement in the quenched approximation of lattice QCD. Quark degrees of freedom are described by lattice Wilson-type fermions in the light sector and various discretizations of the static fermions, including those introduced some years ago by the ALPHA Collaboration (APE, HYP1, HYP2).
Owing to the chiral symmetry of the continuum theory, the RG running of the static vector and axial currents coincides. Since the latter has been extensively studied in the literature, a complete description of the renormalization factor Z stat V is achieved by simply fixing the ratio of the two renormalized currents at a given reference scale (in our study . This is tuned on the basis of an independent condition involving a boundary-to-boundary three-point correlator of the static vector current, out of the chiral limit. The coefficient b stat V is studied at oneloop order in perturbation theory for the EH and APE actions. To extend our study to the HYP actions, where perturbation theory is not easily handled, we adopt a mixed strategy: the difference ∆b stat V of the improvement coefficients between two different static discretizations is computed non-perturbatively and the one-loop estimate with the APE action is used to isolate b stat V in the HYP1 and HYP2 cases up to O(g 4 0 )-terms. It has to be said that a direct comparison of the non-perturbative estimate of (∆b stat V ) EH−APE with its one-loop value shows that the amount of such O(g 4 0 )-terms could be non-negligible and hard to control. Nevertheless, this problem seems to characterize the EH fermions more than their statistically improved versions, for which a better agreement with perturbation theory is expected on the basis of the experience gathered by the ALPHA Collaboration in previous studies of the static axial current.
Anyway, one should always keep in mind that b stat V enters the improved static vector current accompanied by a factor of am q , which is rather small at light-quark masses up to the strange one and the commonly affordable lattice spacings. In this sense, it constitutes a subdominant contribution, which is not expected to have a crucial effect on the scaling behaviour of phenomenological matrix elements of the static vector current with external (8) 0.328(6) 0.352 (7) 0.402(7) 6.2885 0.532 (8) 0.318(6) 0.342(6) 0.398(7) 6.4956 0.406 (8) 0.242 (7) 0.263 (7) 0.327 (7) (0. 
